A note: the relativistic transformations for the optical constants of media 
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1. Introduction 

Some novel vacuum effects associated with the dynam- 
ical quantities (such as energy, spin and momentum) of 
zero-point fluctuation fields have been considered in the 
literature. These effects include the Casimir effect (re- 
lated to the vacuum energy and mode distribution struc- 
ture) [1,2], magnetoelectric birefringences of the quantum 
vacuum [3], vacuum- induced Berry's phase of spinning 
particles (related to the quantum vacuum fluctuation) [4] 
and quantum- vacuum geometric phase of zero-point held 
in a coiled flber system (related to the spin of vacuum) 
[5,6]. 

As to the effect associated with the momentum of 
vacuum zero-point flelds, more recently, Feigel has con- 
sidered the quantum vacuum contribution to the mo- 
mentum of electromagnetic media [7]. We think that 
the relativistic transformations for the optical constants 
(electric permittivity and magnetic permeability) of the 
medium should be taken into account when writing the 
Lagrangian of the moving electromagnetic system. It can 
be shown that the effect arising from such a transforma- 
tion will also provide a quantum vacuum contribution 
to the velocity of media, in addition to the one derived 
by Feigel himself [7]. This Note presents the relativistic 
transformations for the optical constants of moving me- 
dia. 

2. The relativistic transformations for magnetic 
permeability and electric permittivity 

The transformations of E, B, H and D Assume that 
an inertial frame of reference moves at velocity v relative 
to a rest system in which an electromagnetic medium 
(homogeneous and isotropic) is fixed. In the following, 
all the physical quantities with a prime refer to those in 
the moving frame while the ones without a prime refer 
to the quantities in the rest frame. According to SR, the 
relativistic transformation for the electric field strength 



E and the magnetic induction B is of the form 



E' = 7(E + V X B) , 
B' = 7 (B - ^v X E) 



(1) 



and the relativistic transformation for the magnetic field 
strength H and the electric displacement vector D takes 
the following form 



H' = 7 (H 
D' = 7 (D - 



X D) 



X H) 



(2) 



where 7 denotes the relativistic factor. These two sets of 
equations will be employed to derive the transformation 
relationships of the optical constants between different 
frames of reference. 

The transformation of magnetic permeability According 
to the relation H' = 7 (H — v x D), one can obtain 



/i'H' = 7/1' (H - ev X E) 



(3) 



In the meanwhile, the relation B' = 7 (B — p-v x E) can 
be rewritten as 



7 ( - ^v X E 



Thus, it follows from Eqs. (3) and (4) that 
/i' (H - ev X E) = - ^v X E. 



(4) 



(5) 



Here, for convenience and simplicity, we consider a time- 
harmonic electromagnetic wave propagating along the 
relative velocity v between the two inertial frames. The 
wave vector of such a wave is pointed opposite to the 
direction of v. So, the set of vectors (v, H, E) form a 
right-handed system. In this sense, the direction of the 
term — ev x E in (5) is parallel to that of H. liv,H,E are 
the magnitudes of v, H, E, respectively, then the magni- 
tude of the term — ev x E is evE. Thus we have the 
relation 



{H + evE) ^nH+ \vE, 

and consequently obtain 

, fiH + XvE 



H + evE 



(6) 



(7) 



1 



By substituting the relation E = ^/jH for the time- 
harmonic wave into Eq. (7), one can obtain the relativis- 
tic transformation of the magnetic permeabiUty, i.e., 



or 



Mr = 



e V 1 + s/ep'V J 



ii , , ) = J — tanh I VCr/Ur 



(8) 



(9) 



where n'^, /Xr and are, respectively, the relative mag- 
netic permeabilities and permittivity, which are so de- 
fined that ill = —, Lir = — and = —. 

T/ie transformation of electric permittivity The relation 
D' = 7 (D + X H) can be rewritten as 



e'E' = 7 eE X H . 



(10) 



According to the relation E' = 7 (E -|- v x B), one has 



e'E' = 7e' (E /xv x H) . 
Thus the following relation is derived 

e (E + Atv X H) = eE + X H, 



(11) 



(12) 



It should be noted that here the rclativistic transfor- 
mations for the permeability and permittivity refer only 
to those along the directions perpendicular to the wave 
vector (or v). The components of the permeability and 
permittivity along the wave vector (or v) does not alter 
under the Lorentz transformation. 

3. Discussions 

The trivial cases It follows from Eqs. (9) and (16) that 
when the relative velocity v between the two frames van- 
ishes, the permeability and permittivity 



Mr = Mr 



(17) 



It is a trivial case deserving no consideration. In addition, 
for a vacuum medium in which the relative permeability 
and permittivity equal the unity, i.e., = = 1, Eqs. 
(9) and (16) give 



Mr = 1> Er = 1- 



(18) 



This means that both the permeability and the permit- 
tivity of the vacuum medium are invariant under the 
Lorentz transformation (which is in connection with the 
principle of invariance of light speed). In this sense, vac- 
uum can be considered a Lorentz-invariance medium, all 
the optical constants of which measured by different ob- 
servers who move at relative velocities with respect to 
each other are correspondingly the same. 



which can be rewritten in the form 



e' {E + fivH) = eE+ \vH 



(13) 



under the condition that the set of vectors (v, H, E) form 
a right-handed system. So, the permittivity observed in 
the moving frame is 



eE + ^vH 



€ = 



(14) 



E + fivH 

Insertion of the relation E = \/^H into Eq. (14) yields 



/U V 1 -I- J ' 



(15) 



or 



Er / V^'Mr + 



/Xr V 1 + v/CrMr 



(16) 



where ej. (= |^) denotes the relative permittivity of the 
medium observed in the moving frame. 



Optical refractive index The optical refractive index of 
the medium observed from the moving frame and the 
rest frame are expressed by n' 



1^6(74 and n — ^/fTfh, 
respectively. According to Eqs. (9) and (16), the Lorentz 
transformation for the optical refractive index is 



n' = 



1 



tanh I n H — 
c 



(19) 



Note that here the transformation for the refractive index 
also refers only to that of the directions perpendicular to 
the wave vector (or v). 

Fizeau's experiment The phase velocity of a light in a 
moving medium (or seen from a moving frame) is de- 
fined as Up = ^. It follows from the expression (19) that 
the phase velocity u'p is 



- „ V 1 + ^ 



(20) 



It can be expanded up to the second order in ^ , and the 
result is 
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It was shown in Fizcau's experiment that the speed of 
Ught in a moving medium is Mp = ^ + (l — ^) v. So, 
Fizeau's experimental result is just an effect of the rela- 
tivistic transformation of the optical refractive index of 
the moving medium. 

Superposition principle of phase velocity The expression 
(20) for the phase velocity u'^ can be rewritten 



1-1- IV!! 



= ctanh 



\ c c/ 



(22) 



with Up = ^. This, therefore, means that the phase 
velocity of light also agrees with the traditional superpo- 
sition principle of velocity in SR. 

The Lorentz invariance of characteristic impedance of 
media It follows from the expressions (8) and (15) that 

= ^/^■ This, therefore, implies that the character- 
istic impedance of the medium is a Lorentz scalar, and 
that the ratio oi E to H for a time-harmonic wave is an 
invariant. 

4. Doppler's effect in a moving medium 

Suppose we have a regular anisotropic medium with 
the rest refractive index tensor n, which is moving rela- 
tive to an incrtial frame K with speed v in the arbitrary 
directions. The rest refractive index tensor n can be writ- 
ten as fi = diag [m, n2, ns] with m > 0,i = 1,2,3. The 
wave vector of the electromagnetic wave under consider- 
ation and the relative velocity v between the two frames 
are chosen to be antiparallel (seen from the inertial frame 
K) . Thus the wave vector of a propagating wave with the 
frequency w reads k = — ^ ("i, "2, J^s) measured by the 
observer fixed at this medium. In this sense, one can de- 
fine a 3-D vector n = (ni, 712,713), and the wave vector 
k may be rewritten as k = — n^. Now we analyze the 
phase — k • X of the above time-harmonic electromag- 
netic wave under the following Lorentz transformation 



x' = 7(x-vt), t' = 7(t-^) 



(23) 



where (x', t') and (x, t) respectively denote the spacetime 

coordinates of the initial frame K and the system of mov- 
ing medium, the spatial origins of which coincide when 

t = t' = 0. Here the relativistic factor 7 = (^^ ^ ] 

Thus by using the transformation (23), the phase wi— k-x 
observed inside the moving medium may be rewritten as 
the following form by using the spacetime coordinates of 
K 



( n • v\ , / n 

k • x = 7w (^1 H j t — 7W (^ 



(24) 



the term on the right-handed side of which is just the ex- 
pression for the wave phase in the initial frame K. Hence, 



the frequency io' and the wave vector k' of the observed 
wave we measure in the initial frame K are given 

„' = ,.(i.=^). .-..(-=-J). pa, 

respectively. 

To gain some insight into the meanings of the expres- 
sion (25), let us consider the special case of a boost (of 
the Lorentz transformation (23)) in the .ri-direction, in 
which the medium velocity relative to K along the posi- 
tive xi-direction is v. In the meanwhile, we assume that 
the wave vector of the electromagnetic wave is also par- 
allel to the negative xi-direction. The modulus of wave 
vector seen from K is 



70; 



(n V \ 



(26) 



If the rest refractive index of the medium in the ^i- 
direction is n, its (moving) refractive index in the same 
direction measured by the observer fixed at the initial 
frame K is of the form 



n' = 



ck' 



1 _|_ 2i£ 



(27) 



which is a relativistic formula for the addition of "refrac- 
tive indices" ( ^ provides an effective index of refraction) . 
Obviously, Eq. (27) is in agreement with Eq. (19). 

Eq. (25) shows that the mathematical expression for 
Doppler's effect in a moving medium is 



ui = 



1 + 



zU!. 



(28) 



For the vacuum medium (n = 1), Eq. (28) is reduced to 
the one familiar to us, i.e., 



-UJ, 



(29) 



which is an expression for the longitudinal Doppler's ef- 
fect. 

Recently, a kind of artificial media called left-handed 
materials which possess a negative index of refraction 
attract attention of many investigators [8]. Consider a 
left-handed medium, the index of refraction of which is 

n = — 1. In this case, Eq. (28) is lo' = ^ f^w. Com- 
pared with (29), the effect here is shown to be the reversal 
of Doppler's shift. Similarly, the reversal of Cerenkov ra- 
diation will also arise in such a negative refractive index 
material. 

5. On the quantum vacuum contribution to the 
momentum of media 

The linear dispersion relation in a moving electromag- 
netic medium According to the transformation relation- 
ships E' = 7 (E V X B) and D' = 7 (D x H) , 
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we can obtain e' (E + v x B) = (D + x H). Thus 

we have 



D = e'E + ( 1 V X B. 



(30) 



In the same fashion, from H' = 7 (H — v x D) and B' = 
7 (B - X E), wchavc y^' (H - v x D) = B-^vxE, 

and in consequence obtain 



B = /i'H + ( e/x' - ^ ) E X V. 



(31) 



Note that here Eqs. (30) and (31) are not the same to 
the following dispersion relations 



D = eE 



V X B, 



B = juH + (e/U - ^) E X V 



(32) 



derived by Feigel [7]. In Eqs. (32), the relativistic trans- 
formation is, however, not taken into account for e and 
II. 

Up to the first order in - for the permittivity and perm,e- 
ability of moving medium In order to treat the quantum 
vacuum contribution to the momentum of media, Feigel 
considered the first-order approximation (in -) of the La- 
grangian of the moving electromagnetic system, but did 
not consider the first-order (in ^) contribution of e and 
/U. The following expressions 



(33) 



show that the first-order approximation of the optical 

constants may also contribute to the momentum of the 
medium and deserve consideration. 

Lagrangian of moving electromagnetic system Here, for 
the convenient comparison with the result obtained by 
Feigel [7], we adopt the unit system used in Feigel's pa- 
per. So, the relativistic transformations of e and /x take 
the form 



< = e. + y^(l-e,M,)^ + 0(^ 
M^=M. + y^(l-e,Mr)^+0(^) 



M = 



f(r 



(34) 



In the case of magnetoclectrics, as stated by Feigel, a 
term ^B • x'^E must be added to the Lagrangian of the 
moving electromagnetic system [7]. In a moving magne- 
toelectric medium, such a term can be rewritten as 

1 T 

-B • x^E ^ 



-B-x^E 
1 

+ — V 

lie 



1 



[B • x^ (v X B) + (E X v) • x^E] 



B • X^E, 



(35) 



where 



Xxy 
Xyx 





(36) 



Note that compared with the result derived by Feigel, 
the expression j-vi^Jefi ^)B • x^'E in (35) is a 

new term, which arises from the relativistic transfor- 
mation of ^,. By using the relations B • x"^ (v x B) = 
(v X B) • xB = V • [B X (xB)] and (E x v) • x'^E = 
x'^'E • (E X v) = -V • [E X (x'^E)] , one can rewrite the 
term B • x"^ (v x B) + (E x v) • x'^E in Eq. (35) as 
V- [B X (xB)] - V [E X (x'^E)] [7]. Thus, assuming that 
the velocity v of the medium is along the z-direction, i.e., 
w = vi with z being a unit vector, the Lagrangian of the 
moving medium is thus of the form 

LmE = LiFM + J \ji ' ^ 



+ 



-l/^v.{[Bx(xB)]-[Ex(x-E)]} 



+ - 



d^x 
47r 



B • x^E. (37) 



Compared with Eq. (19) in Feigel's paper [7], the final 
expression on the right-handed side of Eq. (37) in this 
Note is a new term. According to the Lagrangian equa- 
tion (Liquid's equation) of motion [7], one can arrive at 
the following equation 

^ [(e/i -l)ExB + Ex (x^E) - B x (xB)] 



p°vz 



A-KflC 

1 



B • X^Ez. 



(38) 



47r/xc V ' ^ejjL 

Note that the final expression on the right-handed side of 
Eq. (38) is a new quantum vacuum contribution to the 
momentum of media, which has not yet been taken into 
consideration in Feigel's work [7] . 
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